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PACS numbers: 03.67.-a, 02.20.Hj, 03.65.-w Quantum entangled states have become the most important physical resources in quantum communication, information processing and quantum computing. One of the most difficult and fundamental problems in entanglement theory is to quantify the quantum entanglement. A number of entanglement measures such as the entanglement of formation and distillation [1, 2] , negativity [3] and concurrence [4] have been proposed. Among these entanglement measures, the entanglement of formation, which quantifies the required minimally physical resources to prepare a quantum state, plays important roles in quantum phase transition for various interacting quantum many-body systems [5] and may significantly affect macroscopic properties of solids [6] . Thus the quantitative evaluation of entanglement of formation is of great significance.
Comparing with the concurrence, entanglement of formation is more difficult to deal with, and less results have been derived. The experimental measurement of concurrence has been proposed in [7] for pure two-qubit systems by using two copies of the unknown quantum state. In [8] the authors presented an approach of measuring concurrence for arbitrary dimensional pure multipartite systems in terms of only one copy of the unknown quantum state. However, due to the complicated expression of entanglement of formation, there is no experimental way yet to determine the entanglement of formation for an unknown quantum pure state, except for the case of two-qubit systems for which the concurrence and entanglement of formation have a simple monotonic relations [2] .
In this brief report we present an experimental determination of the entanglement of formation for arbitrary dimensional pure quantum states. The measurement only evolves local quantum mechanical observables and the entanglement of formation can be obtained according to the mean values of these observables.
The entanglement of formation is defined for bipartite systems. Let H A and H B be m and n (m ≤ n) dimensional complex Hilbert spaces with orthonormal basis |i , i = 1, ..., m, and |j , i = 1, ..., n respectively. A pure quantum state on H A ⊗ H B is generally of the form,
with normalization
The entanglement of formation of |ψ is defined as the partial entropy with respect to the subsystems [1] ,
where ρ A (resp. ρ B ) is the reduced density matrix obtained by tracing |ψ ψ| over the space H B (resp. H A ). This definition can be extended to mixed states ρ by the convex roof,
where the minimization goes over all possible ensemble realizations of ρ,
A bipartite quantum state |ψ can be written in the
under suitable basis |i A ∈ H A and |i B ∈ H B . λ i , i = 1, ..., m, are also the eigenvalues of ρ A . E(|ψ ) can be further expressed as
For two-qubit case, m = n = 2, |ψ = a 11 |00 + a 12 |01 +a 21 |10 +a 22 |11 , |a 11 | 2 +|a 12 | 2 +|a 21 | 2 +|a 22 | 2 = 1. (3) can be written as [2] ,
where
| is the concurrence. In this special case E(|ψ ) is just a monotonically increasing function of the concurrence C. However for m ≥ 3, there is no such relations like (7) between the entanglement of formation and concurrence in general. Since for the case m = 2, due to the normalization condition, λ 1 + λ 2 = 1, only one free parameter is left in the formula (6) . For general high dimensional case, E(|ψ ) depends on more free parameters. Nevertheless, if ρ A has only two non-zero eigenvalues (each of which may be degenerate), the maximal non-zero diagonal determinant D of ρ A is a generalized concurrence, namely, the corresponding entanglement of formation is again a monotonically increasing function of D [9] . The construction of such kind of states is presented in [10] . In [11] , the results are generalized to more general case: relations like (7) holds for states with ρ A having more non-zero eigenvalues such that all these eigenvalues are functions of two independent parameters.
To measure the quantity (6) experimentally, we first rewrite the expression (6) according to the entanglement of formation of some "two-qubit" states. Let L 
) have m − 2 (resp. n − 2) rows and m − 2 (resp. n − 2) columns that are identically zero.
Let ρ = |ψ ψ| be the density matrix with respect to the pure state |ψ . We define
where α = 1, 2, · · · ,
, and ||X|| = T r(XX † ) is the trace norm of matrix X. As the matrix L A α ⊗ L B β has mn− 4 rows and mn− 4 columns that are identically zero, ρ αβ has at most 4 × 4 = 16 nonzero elements and is called "two-qubit" state. ρ αβ is still a normalized pure state.
Proof. To calculate E(ρ αβ ) we denote L 
It is direct to verify that
where 
Since
we have i λ i αβ C αβ = 1 for any α and β. Therefore
Substituting (14) into (12), we obtain that
which proves the theorem. The theorem shows that one can derive the entanglement of formation of a pure quantum state by measuring the values of the entanglement of formation of all the states ρ αβ and values of C αβ . Here if |ψ αβ = 0, then C αβ goes to infinity and this term does not contribute to the summation in (9) . Hence the summation αβ in (9) simply goes over all the terms such that T r{L (9), we now show how to get the value of E(|ψ ) experimentally by measuring the quantities on the right hand side of (9) .
The quantity
β associated with the state |ψ .
To measure E(ρ αβ ), we first note that although ρ αβ are m ⊗ n bipartite quantum states, they are basically "twoqubit" ones. For given L α = |i j| − |j i| and L β = |k l| − |l k|, i = j, k = l, the non-zero elements of ρ αβ are located at the i * (m − 1) + kth, i * (m − 1) + lth, j * (m − 1) + kth, and j * (m − 1) + lth rows and the i * (m − 1) + kth, i * (m − 1) + lth, j * (m − 1) + kth, and j * (m − 1) + lth columns. They constitute a 4 × 4 matrix,
But σ αβ are actually two-qubit pure states. According to the formula (7), E(σ αβ ) is determined by the concurrence C(σ αβ ) = C(ρ αβ ). Therefore if we can measure the quantity C(ρ αβ ), we can obtain E(ρ αβ ).
The quantity C(ρ αβ ) can be measured experimentally in terms of the method introduced in [8] , with a few modifications of the measurement operators. Corresponding to the case of L α = |i j| − |j i| and L β = |k l| − |l k|, we define m × m matrix operators Σ s , s = 0, 1, 2, 3, such
Similarly we define n × n matrix operators Γ 0 , Γ 1 , Γ 2 and Γ 3 by replacing the indices i, j in Σ 0 , Σ 1 , Σ 2 and Σ 3 with k, l respectively, and setting p, q = 1, ..., n. It is straightforward to derive that C(ρ αβ ) can be expressed as the mean values of the above local observables,
In summary we have presented an experimental way to measure the entanglement of formation for arbitrary dimensional pure states, by measuring some local quantum mechanical observables. We reduced the difficult problem to find the concurrence of "two-qubit" states for which many results have been already derived. Recently high dimensional bipartite systems like in NMR and nitrogen-vacancy defect center have been successfully used for quantum computation and simulation experiments [18] . Our results present a plausible way to measure the entanglement of formation in these systems and to investigate the roles played by the entanglement of formation in these quantum information processing.
So far experimental measurement on entanglement of formation and concurrence concerns only pure states. For mixed states, less is known except for experimental determination of separability, both sufficiently and necessary, for two-qubit [19] and qubit-qutrit systems [20] . Generally (4) has only analytical results for some special states [21] and analytical lower bounds [22] which are not experimentally measurable. Recently in [23] we have presented a measurable lower bound of entanglement of formation. The formula (9) for pure state may also help to study measurable lower bounds of entanglement of formation for mixed states.
